Abstract. This paper introduces cosymplectic-Nijenhuis structures on smooth manifolds and proposes alternative odd-dimensional counterparts of symplectic-Nijenhuis groupoids, called cosymplectic-Nijenhuis groupoids. We discuss the correspondence between cosymplectic groupoids and integrable coPoisson manifolds. Moreover, we investigate the integrability problem for coPoisson manifolds equipped with a compatible Nijenhuis operator. As a result, we obtain a one-to-one correspondence between cosymplectic-Nijenhuis groupoids and integrable coPoissonNijenhuis manifolds.
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A. WADE a compatible normal almost contact metric structure. In this paper, we only consider cosymplectic structures as defined in [24] .
On the one hand, cosymplectic manifolds are crucial objects in the geometric description of time dependent mechanics. They play an important role in the study of regular Lagrangian systems and Hamiltonian systems [12, 8] . In addition cosymplectic manifolds naturally appear in classical relativistic theories. For instance, it was observed in [20] that the geometric object underlying Galilei's phase space is a cosymplectic manifold. Recent works [4, 3, 6, 23, 18] resuscitate interest in the subject. On the other hand, PoissonNijenhuis structures on manifolds were introduced by Magri and Morosi [30] in their study of integrable Hamiltonian systems and they attracted the attention of many mathematicians due to their close relationship with integrable systems [13, 11, 10, 2, 22, 33] . Poisson-Nijenhuis structures were extended to arbitrary Lie algebroids and Leibniz algebroids by Grabowski and Urbański in [17] . For further generalizations to Courant algebroids, see e.g. [1, 21] .
The purpose of this note is to introduce the study of Lie groupoids G ⇒ M equipped with a triple (ω, η, N ) consisting of a multiplicative cosymplectic structure (ω, η) and a compatible multiplicative Nijenhuis N . In Section 2, we review Lie algebroids, Lie groupoids and Poisson-Nijenhuis Lie algebroids. Section 3 discusses cosymplectic manifolds and introduces cosymplectic-Nijenhuis structures. Section 4 reviews cosymplectic groupoids and their unit spaces called co-Poisson manifolds. Finally, in Section 6, we show that there is a one-to-one correspondence between cosymplectic-Nijenhuis groupoids and coPoisson-Nijenhuis manifolds.
Preliminaries

Lie algebroids.
A Lie algebroid over a smooth manifold M is a vector bundle A → M together with a Lie bracket [ , ] on the space Γ(A) of smooth sections of A and a bundle map : A → T M , called the anchor map, whose extension to smooth sections of A and T M (also denoted by ) satisfies the relation:
Examples of Lie algebroids include: finite-dimensional Lie algebras, the tangent bundle T M of every smooth manifold M as well as the cotangent Lie algebroid of every Poisson manifold. It is known that any Lie algebroid (
defined by:
In particular, given a Poisson manifold (M, π), there is a canonical Lie algebroid structure on its cotangent bundle T * M with the anchor map π : T * M → T M and whose Lie bracket is given by:
where
The operator d T * M = δ π is defined on the space X • (M ) of all multi-vector fields on M as follows:
is a differential operator, i.e. δ 
Matched pair of Lie algebroids.
First, recall that a matched pair of Lie algebroids is a pair (A, B) of Lie algebroids over the same base manifold M whose direct sum A ⊕ B is equipped with a Lie algebroid structure for which both A and B are Lie subalgebroids [34] . The associated bicrossed product is denoted by A B.
Lie groupoids.
A Lie groupoid over a smooth manifold M (see [29] ) is given by a smooth manifold G together with two surjective submersions s, t : G → M (called the source map and the target map), a smooth associative multiplication m :
} is the set of composable pairs and the following properties are satisfied:
Here, the base manifold M , all source and target fibers are supposed to be Hausdorff but G is not necessarily Hausdorff. We will often identify M with (M ).
Multiplicative k-forms.
A real-valued function λ defined on a given Lie groupoid
where m is the multiplication of the Lie groupoid and pr i denotes the projection of the space G 2 of composable pairs onto the ith component. φ , ρ φ ), where the smooth sections of A× φ R are of the formX(x, τ ) = X τ (x), with X τ ∈ Γ(A) for all τ ∈ R, and
where 
We get the corresponding action groupoid G × R ⇒ M × R, denoted by G × σ R, with structural functions:
Let AG be the Lie algebroid of G. The multiplicative function σ induces a 1-cocycle α on AG given by
The Lie algebroid of G × σ R can be identified with AG × α R. Conversely, one has the following (see Proposition 3.5 from [9] ):
is integrable if and only
A × α R is integrable.
Poisson-Nijenhuis Lie algebroids. Let (A, [ , ]
A , A ) be a Lie algebroid equipped with a vector bundle map N : A → A. The torsion of N is defined by
A vector bundle map N : A → A is called a Nijenhuis operator on A if T N = 0. In this case, one gets a new Lie algebroid structure
A Poisson structure on a Lie algebroid A is given by a section P ∈ Γ(∧ 2 A) such that [P, P ] A = 0. Such a Poisson structure P induces a Lie algebroid structure on the dual A * of A whose Lie bracket is defined by:
(A). This generalizes the classical case where A = T M .
A Poisson structure P on a Lie algebroid A is said to be compatible with a Nijenhuis operator N : A → A if the following relations are satisfied: 
The term C(P, N ) is called the Magri-Morosi concomitant of P and N .
Definition 2.2 ([17, 21]). A Poisson-Nijenhuis
Lie algebroid is given by a triple (A, P, N ) consisting of a Lie algebroid A endowed with a Poisson structure P and a Nijenhuis operator N : A → A compatible with P .
In particular, Poisson-Nijenhuis structures on M correspond to Poisson-Nijenhuis Lie algebroid structures on the standard Lie algebroid T M , and symplectic-Nijenhuis structures on M are special Poisson-Nijenhuis structures (P, N ) on T M for which P is non-degenerate. If (P, N ) is a Poisson-Nijenhuis structure on A, then the triple
becomes a differential graded Lie algebra.
Cosymplectic manifolds
3.1. Cosymplectic structures. An almost cosymplectic structure on a (2n+1)-dimensional manifold M is given by a pair (ω, η) consisting of a 1-form η and a 2-form ω on M such that η ∧ ω n is a volume form. If in addition, both η and ω are closed differential forms then we say that (ω, η) is a cosymplectic structure on M (see [24] ).
Clearly for any almost cosymplectic manifold (M, ω, η), its 2-form ω induces an almost symplectic structure on ker η since the relation η ∧ ω n = 0 on M implies that ω has 300 A. WADE maximal rank on ker η. Furthermore, there exists a unique vector field R, called the Reeb vector field, which is completely determined by:
One has an isomorphism :
This gives:
Associated to each function f ∈ C ∞ (M ), there is a vector field X f which is called the Hamiltonian vector field of f . It is defined by:
One gets:
It is known that any cosymplectic structure (η, ω) on M determines a Poisson bracket on M given by:
for all f and g ∈ C ∞ (M ). Trivial examples of cosymplectic manifolds result from the product of any 2n-dimensional symplectic manifold by R or the circle S 1 . A non-trivial example of cosymplectic structure was constructed in [32] .
Let (M, ω, η) be a cosymplectic manifold and π be its corresponding Poisson bivector field. Then its Reeb vector field R is a Poisson vector field of (M, π). On M × R, the bivector field
has a maximal rank and it defines a symplectic structure on M × R which is called the symplectization of the cosymplectic structure. In other words, the inverse of Π is the symplectic 2-form:
Let η
+ be the left invariant form whose value at the identity element equals e * 1 together with the scalar non-degenerate 2-cocycle on H given by: ω = e * 2 ∧e * 3 . Then (ω + , η + ) defines a cosymplectic structure on H 3 . Consider G = H 3 × R * + , that is, the direct product of the 3-dimensional Heisenberg Lie group with the 1-dimensional Lie group whose product is defined by: (x, y, z, t)(x , y , z , t ) = (x + x , y + y , z + z + xy , tt ).
The corresponding symplectic 2-form on G is given by:
3.3. Another perspective: symplectic mapping torus. First, we will recall the definition of a mapping torus. Consider a topological space S and a homeomorphism ϕ : S → S. The quotient space is called a mapping torus and it is denoted by:
.
The projection onto the second factor endows S ϕ with the structure of a fibre bundle with base S 1 and fibre S. Similarly, starting from a smooth manifold S and a diffeomorphism ϕ : S → S, one can construct a smooth mapping torus S ϕ . When S is a smooth evendimensional manifold endowed with a symplectic form ω s and ϕ is a symplectomorphism of (S, ω s ) then S ϕ is called a symplectic mapping torus. The following result was proved in [23] :
([23]). A closed manifold M admits a cosymplectic structure if and only
if it is a symplectic mapping torus M = S ϕ , for some symplectic manifold (S, ω s ) and some symplectomorphism ϕ : S → S.
Cosymplectic-Nijenhuis manifolds Definition 3.2. A cosymplectic-Nijenhuis manifold is a cosymplectic manifold (M, ω, η)
endowed with a Nijenhuis operator N : T M × R → T M × R which is compatible with the Poisson structure P ∈ Γ(T M × R) associated with the cosymplectic structure and given in (6). N = (N, Z, α, g ), that is,
It is clear that given any cosymplectic-Nijenhuis manifold (M, ω, η, N ), there is an associated Poisson-Nijenhuis (M × R, P, N ). When
where τ is the standard coordinate in R. Conversely, if (ω s , N s ) is a symplectic-Nijenhuis structure on S then (S×R, pr * 1 ω s , dτ, N x +dτ ⊗∂ τ ) is a cosymplectic-Nijenhuis manifold. Recall the following result: 
where N * is the dual map of N . 
Proof. Consider
Clearly, P defines a Poisson tensor on T M × R if and only if:
Suppose (11) holds true and let N = P 0 • P
Then (ω 1 , η 1 , N ) is a cosymplectic-Nijenhuis structure on M .
The above proposition allows one to construct examples of cosymplectic-Nijenhuis manifolds. Here is a simple example.
Example. Let M = R 3 with its standard coordinates (x, y, z) and the cosymplectic structure (ω, η) defined by:
Consider the following tensors:
) is a function of x 3 only. Let
is a Nijenhuis operator and (ω, η, N ) is a cosymplectic-Nijenhuis structure on M .
Another simple example is the above Heisenberg group H 3 (see Section 3.2). Denote by (e 1 , e 2 , e 3 ) the canonical basis of the Lie algebra H of H 3 and let (e * 1 , e * 2 , e * 3 ) be its dual basis. Recall that the cosymplectic structure on H 3 is determined by ω = e * 2 × e * 3 and η = e 1 . Pick J = e 3 ⊗ e 3 . Then the triple of left invariant tensors (ω + , η + , J + ) induced by (ω, η, J) defines a cosymplectic-Nijenhuis structure on H 3 . In this section, we will describe the infinitesimal objects corresponding to cosymplectic groupoids.
Cosymplectic groupoids
Bicrossed product structures on the first jet bundle J
1 M . Any Poisson vector field E on a Poisson manifold (M, π) determines a Lie algebroid whose underlying vector bundle is the first jet bundle J 1 M . More precisely, the anchor map of this Lie algebroid structure on J 1 M is given by:
and its Lie bracket is defined by:
for all (α, 0), (β, 0) ∈ Γ(T * M ⊕R) and for all f , g ∈ C ∞ (M ). Obviously, T * M and the line bundle M R are Lie subalgebroids of J 1 M . Hence, this Lie algebroid is a matched pair of these two Lie algebroids, in the sense of Mokri and Lu [34, 28] . Denote by M E R the trivial line bundle equipped with the Lie algebroid structure induced by E. The following result holds [14] : [37, 16] ). When the modular class is non-trivial it determines a non-trivializable Lie algebroid structure on the first jet bundle J 1 M .
Unit spaces of cosymplectic groupoids.
We have the following result: Proof. Clearly, any multiplicative symplectic 2-form Ω on G × σ R which is preserved by ∂ ∂τ , (i.e. L ∂ ∂τ Ω = 0) gives rise to a multiplicative cosymplectic structure on G. Conversely, as we've seen above, any cosymplectic structure on G induces a symplectic form Ω on G × σ R:
A. WADE where pr 1 : M × R → M is the canonical projection onto the first factor. To show that Ω is multiplicative, we proceed as follows. First, we identify the set (G× σ R) 2 of composable pairs of arrows of G × σ R with G 2 × R as follows:
where G 2 is the set of composable pairs of arrows of G. The projections maps of (G × R) 2 onto G × R become pr i (g 1 , g 2 , τ ) = (g i , τ ), i = 1, 2 and the multiplication is given by:
Using these identifications, the fact that ω and η are multiplicative, and a simple calculation, one gets that m * Ω = pr *
Observe that a cosymplectic groupoid is always equipped with a Poisson structure coming from the cosymplectic structure but this Poisson structure is not multiplicative, in general. Indeed if M is a single point then G is a Lie group and the multiplicativity would imply that the Poisson structure has zero rank at the identity element. In this case G must be a one-dimensional Lie group.
A coPoisson structure on a smooth manifold M is given by a pair (π, Proof of Proposition 5.3. We first apply Lemma 5.4 to get the symplectic-Nijenhuis groupoid (G × σ R, Π, N ). We then use the source map s σ given in (3) and set Proof. Assume that (π, [E] , N ) is an integrable coPoisson-Nijenhuis structure on M , that is, (J 1 M, { , } (π,E) , (π,E) ) is integrable. Let (G, ω, η) be its associated source-connected and source simply-connected cosymplectic groupoid. By Lemma 4.5, G × R is endowed with a symplectic Lie groupoid structure. Denote by R the Reeb vector field on G. Then the associated multiplicative non-degenerate Poisson tensor on G × R can be written as:
We apply the universal lifting theorem in [19] 
Examples
Example 1. Let (S, ω) be a symplectic manifold and let G = S × S be the pair groupoid with its symplectic form ω ⊕ (−ω). Take G = G × S 1 , where the circle S 1 is endowed with its standard exact 1-form η = dθ. Define ω = pr
